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Introduction
Generalized continuum theories use tensors of-order 2, 3... as variables as shown for instance by Toupin [8] or Mindlin [1] , Mindlin and Eshel [2] . In these theories, the constitutive equations for elasticity take the form of a linear mapping between tensors of degree 2, 3... which involves the introduction of elastic tensors whose degrees are 4, 5, 6.... The use of such high-order tensors raises a number of fundamental questions, specially concerning their inversion or the condition of positiveness when computing the elastic energy from these tensors. Here we restrict our analysis to the theories which use third-order tensors. For instance, the third gradient theory uses the gradient of strain, κ ijk = ∇ k ε ij (see [2] ) whereas the theory of microstructured media uses the gradient of microstrain χ ijk = ∇ k ψ ij (see [1] ). When an hypothesis of isotropy and centrosymmetry is used, the elastic constitutive equations for the both theories contain a linear relation between two third-order tensors, denoted a and b, which can be put into the form:
Where A is a constant sixth-order tensor, namely independent of a. It corresponds to the case of microstructured elastic media, a ≡ ∇ψ and b is called double stress. It follows that A ijkpqr has no more the minor symmetries. In a recent paper [3] , an irreducible basis for isotropic 2n th -order tensors (with n = 3, 4, ...) having minor symmetries has been provided. It has been shown that the formalism introduced in this work is useful for doing the classical tensorial operations and specially the inversion of symmetric isotropic tensors of degree up to 8. However, the isotropic tensors considered in this study possessed the minor symmetries which restrict the domain of application of this formalism to the case of gradient theories. As it will be shown thereafter, a key to study the algebra is the decomposition between spherical and deviatoric parts. In this context, it is worthwhile to notice some studies which deal with the decomposition of third-order tensors and third-order tensor valued functions (see for instance Pennisi & Trovato [4] , Pennisi [5] , Smyshlyaev & Fleck [7] , Smith [6] ). However, all those studies dealt only with symmetric third-order tensors. In the present paper, we aim at generalizing the results provided in [3] to the case of a sixth-order tensor which does not posses minor symmetries. A representation of such tensors in a basis constituted of 15 non symmetric isotropic tensors is provided in section 2. This basis is shown to be useful for deriving a closed form expression of the inverse of a non symmetric isotropic sixth-order tensor (namely having not the minor and the major symmetries). In section 3, we derive the condition of positiveness of A in the case of tensors having the major symmetry (symmetry between the first three indices and the last three indices), which can be written:
Here, we deal with tensors having the major symmetries (but not the minor symmetries). Condition (2) is needed, for instance, for obtaining the condition of positiveness of the elastic energy of microstructured media.
An irreducible basis for isotropic sixth-order tensors
In [1] , the following decomposition for an isotropic sixth-order tensor A is used:
where the components of tensors T n for n = 1..15 are given by:
When a tensor A possesses the major symmetry, A ijkpqr = A pqrijk , the following conditions for the a n are required: a 2 = a 3 , a 8 = a 13 , a 9 = a 10 , a 11 = a 15 . In addition, the conditions for A to possess the minor symmetries are detailed in [3] . The 15 tensors T n for n = 1..15 constitute an irreducible basis for any isotropic sixthorder tensors. However, this basis appears to be not useful for obtaining the inverse of A since T n ⊙ 3 T m ̸ = 0 whatever the values of n and m. The use of basis T n for the inversion of a sixth-order tensor leads then to a full linear system of dimension 15. For this reason, we propose a new basis denoted (K n , J m ) which is more convenient for inverting A. This basis is constituted of sixth-order tensors denoted by K n for n = 1..6, which are:
It can be shown that the J n for n = 1..9 and the K n for n = 1..6 have the property Table 1 : The triple contraction between the J n for n = 1..9 Denoting by E 6 the space of isotropic sixth-order tensors, the basis (K n , J m ) constitutes an irreducible basis for (E 6 , ⊙ 3 , I) where I = T 1 is the identity for the composition ⊙ 3 . Moreover, it can be observed that (E 6 , ⊙ 3 , I) define a monoid, namely an algebraic structure with a single associative binary operation and an identity element. Every tensor A ∈ E 6 is then decomposed as follows:
α 1 , ..., α 15 are the components of A in the (K n , J m ) basis. The base change relations, giving coefficients α n as function of the a n are provided in appendix A.
Denoting by J the sub-space of isotropic sixth-order tensors given by
.. = α 6 = 0 in (7)), it can be observed that (J , ⊙ 3 , J) define a submonoid, here J = J 1 + J 5 + J 9 is the unit element of J for the composition ⊙ 3 . Similarly, we denote by K the sub-space of isotropic sixth-order tensors given by
being the unit element of K for the composition ⊙ 3 . It follows that any isotropic sixth-order tensors can be decomposed into A = A J + A K where A J = J ⊙ 3 A ⊙ 3 J and A K = K ⊙ 3 A ⊙ 3 K and that the identity for the triple contraction is given by I = K + J. This decomposition will be useful for providing various results and particularly for the product between two sixth-order tensors or the inversion of sixthorder tensors. Note that the decomposition (K n , J m ) gives rise to a generalization of the definition of the spherical and deviatoric parts of a third-order tensors, commonly used for two-order tensors, as it will be discussed in section 3. The basis (K n , J m ) contains two tensors having the major symmetry, which are K 1 and K 2 . Other tensors do not possess the major symmetry. The condition for tensor A having the major symmetry is:
{ α 3 + 2α 5 = α 6 + 2α 4 , α 7 + 3α 10 + α 13 = 3α 8 + α 11 + α 14 α 8 + α 11 + 3α 14 = α 9 + 3α 12 + α 15 , 3α 9 + α 12 + α 15 = α 7 + α 10 + 3α 13
Let us consider now a sixth-order tensor A ∈ E 6 and let us denote by α 1 , ..., α 15 its components in the basis (K n , J m ), as in (7). Let us do the same with a second isotropic sixth-order tensor B and let us denote by β 1 , ..., β 15 its components in (K n , J n ). We aim at computing the components of tensor C defined by C = B ⊙ 3 A. As explained above, any sixth-order tensor C can be decomposed along the two orthogonal subspaces J and K as follows:
The computation of the components of C K and C J can be performed by using tables 1 and 2. We denote by γ n the components of C in the basis (K n , J n ). These components are given by: 
We now look at the inverse of tensor A, namely we search B which verify the equation
where it is recalled that I = K + J is the identity for the triple contraction. Let us recall that the decomposition of J and K in the (K n , J m ) basis, reads
Consequently, the linear system giving the components of B can be obtained from (9) in which we put γ 1 = γ 2 = γ 3 = γ 6 = γ 7 = γ 11 = γ 15 = 1 and all other γ n = 0. The computation of the β n for n = 1..15 can be performed by a few simple algebraic equations. It leads to: where Ω and ∆ are given by:
With the following condition for A having an inverse: α 1 α 2 Ω∆ ̸ = 0.
Condition of positiveness of the elastic energy
As it is well known from thermodynamic considerations, it is crucial to ensure that the elastic energy is positive definite 1 . Such a condition can be expressed easily for classically used isotropic second or fourth-order tensors, but it is not obvious to derive similar expressions for the case of higher degree elasticity. We now propose to determine the conditions of positiveness of the quadratic form W (a) = a ⊙ 3 A ⊙ 3 a = b ⊙ 3 a where b = a⊙ 3 A. Tensor A is now assumed to possess the major symmetry (A ijkpqr = A pqrijk ). As a consequence, its components in the basis (K n , J m ) comply to relations (8) . Let us first introduce the spherical part of a third-order a, denoted by S(a), and the deviatoric part of a, denoted by D(a):
where the components of θ n for n = 1, 2, 3 are given by:
and it is recalled that J = J 1 + J 5 + J 9 and K = K 1 + K 2 + K 3 + K 6 . Effecting the same operations with the third-order tensor b, it appears that W (a) can be decomposed into
where b is given by (1) . It follows that the positiveness of W (a) is ensured if and only if
We now introduce the six deviatoric sub-parts of a third-order tensor a, denoted by D n (a) = K n ⊙ 3 a for n = 1..6, whose components are given by:
where ε ijk is the permutation symbol. The scalar χ and tensors χ 1 , χ 2 ,κ are given by:
χ 1 and χ 2 are two symmetric, traceless, second-order tensors whereas κ is a symmetric traceless third-order tensor (namely κ ijk is invariant by any permutation of its indices i, j, k and κ ijj = κ iji = κ jji = 0). Tensors χ 1 , χ 2 , κ are respectively defined by 5, 5 and 7 independent coefficients. Similarly, the triple contraction between the J n and a produces the 9 spherical sub-parts of a, denoted S n (a) = J n ⊙ 3 a. Their components are given by:
Where θ 1 , θ 2 , θ 3 are given by (13). As quoted in the previous section, I is the identity for the composition ⊙ 3 , namely:
, it follows that any third-order tensor a can be decomposed into:
Note that a is defined by 27 independents components whereas tensors
, S 9 (a) are respectively defined by 1, 7, 5, 5, 3, 3, 3 independents components. The decomposition (18) can be also applied for b and the linear relation (1) can then be put into the form:
Again, 
Where coefficients φ n and ψ n are given by: 
Conclusion
In the present paper, we provide an irreducible basis for sixth-order isotropic tensors. This basis is constituted of 15 elements denoted K n for n = 1, 6 and J n for n = 1, 9 and it appears to be useful for doing the classical tensorial operations. For instance, a closed form expression of the inverse of an isotropic sixth-order tensor has been derived in section 3. Moreover, the projection of a third-order tensor along the tensors of the new basis (K n , J m ), gives rise to a generalization of a spherical and deviatoric parts commonly used for two-order tensors to the case of third-order tensors. This decomposition has been subsequently used for deriving the condition of positiveness of the quadratic form a ⊙ 3 A ⊙ 3 a. For instance, this last result can be used for giving the condition of positiveness of the elastic energy of microstructured elastic media.
